We reexamine the problem of transverse axial vector and vector anomalies in four-dimensional U (1) gauge theories studied in 
I. INTRODUCTION
Whenever a quantum field theory possesses some symmetry, the Green functions of the theory obey a series of exact relations generally known as Ward-Takahashi(WT) identities [1] .
They play an important role in various problems in the study of quantum field theory, such as the proof of renormalizability of gauge theories [2] . In the Dyson-Schwinger equation (DSE) approach to gauge theories [3, 4] the fermion-boson vertex function is a very difficult quantity to be specified. Here the WT identities are used to constrain the form of the vertex function.
However, the normal WT identity only specifies the longitudinal part of the vertex function, leaving its transverse part undetermined. More specifically, the longitudinal part of the fermion-boson vertex function can be written in terms of the full fermion propagator as
It is evident that the above WT identity does not at all specify the transverse part of the vertex. In order to obtain further constraints on the vertex function, some authors have studied the so-called transverse WT identities [5, 6] which specify the curl of the vertex
However, the symmetry of the classical theory may be destroyed in quantum theory by the quantum anomaly and we have the corresponding anomalous WT identity. A well-known example is the Adler-Bell-Jackiw(ABJ) anomaly. In the literature there are various ways to calculate the anomaly, such as the point-splitting method [7] , the perturbative method [8] and Fujikawa's path integral method [9] . In a recent paper [10] He calculated the possible quantum anomaly of the transverse WT identities for the axial vector and vector vertex in U(1) gauge theories using the point-splitting method. The conclusion there is that there is an anomaly(which is called transverse anomaly in that paper) in the axial vector current curl equation(and also the transverse WT identity for the axial vector vertex), while there is no anomaly in the vector current curl equation. The path integral treatment of these anomalies is sketched by Kondo [5] . Due to the importance of anomaly in field theory, it is necessary to reexamine this problem using different methods. In this paper we reexamine this problem using perturbative method and compare our result with that of He [10] .
This paper is organized as follows. In section 2, we derive the classical curl equations of the axial vector and vector current. In section 3, we present the perturbative calculation of the transverse anomalies for the axial vector and vector current. In section 4 we give our conclusions.
II. THE CLASSICAL CURL EQUATION OF THE AXIAL VECTOR AND VECTOR CURRENT
Let us consider a classical Dirac field interacting with an external U(1) gauge field. The
Lagrangian is
which up to a total derivative can be rewritten as
we make the following infinitesimal transformation of the Dirac field:
where Ω andΩ are two arbitrary 4 × 4 matrix in spinor space. Under this infinitesimal transformation, the variation of the Lagrangian δL can be written as
Upon using the equation of motion for the Dirac field, we have
The above equation can be worked out to be
If we choose Ω =Ω = σ µν in Eq. (6), then by using the identity [γ
we get the curl equation of the vector current:
Similarly, by choosing Ω = −Ω = γ 5 σ µν and using the identity {γ
, we get the curl equation of the axial vector current:
Eqs. (7) and (8) are classical curl equations of the vector and axial vector current. Now let us quantize the Dirac field(but still treat the U(1) gauge field as a classical external field). Then the above curl equations may suffer from anomalies due to singularities of product of local operators. In the next section we shall study these possible anomalies using perturbative methods.
III. THE PERTURBATIVE CALCULATION OF TRANSVERSE ANOMALIES OF THE AXIAL VECTOR AND VECTOR CURRENT
First let us consider the axial vector current. After quantization, the axial vector current curl equation may have an anomaly:
where · · · stands for the vacuum expectation value in the presence of the external U (1) gauge field A µ (x). In the following we shall calculate perturbatively the vacuum expectation values appearing in Eq. (9) and see whether there exists an anomaly term.
The vacuum expectation value of each operator appearing in Eq. (9) is a functional of the external field A µ . After expanding it in powers of A µ we get a series of one-loop diagrams.
Now let us analyse these vacuum expectation values order by order in A µ .
The A n order contribution to ψ (x)γ ν γ 5 ψ(x) is given by an (n + 1)-gon diagram(see fig.1 ) and the corresponding analytical expression is
ρ (q). Therefore the A n order contribution to the LHS of Eq. (9) is given by
Now let us observe that, due to charge conjugation invariance, (11) is non-vanishing only for even n. For low n, the loop integral is divergent and needs to be regularized. Here we choose dimensional regularization. The dimensionally regularized form of (11) is
Here all the indices and external momenta live in the physical four dimensions while the loop momentum k lives in D dimensions and γ 5 is defined as iγ 0 γ 1 γ 2 γ 3 . Using the identity
[σ µν , q], we can put the loop integral in (12) in the following form:
, we can further put the above expression into the form:
Now let us see the RHS of Eq.(9). The A n order contribution to − ψ (x)
is given by a similar (n + 1)-gon diagram(see fig.1 ) and the corresponding analytical expression is
Because the operatorψ(x)
is non-vanishing only for even n. The dimensionally regularized form of (15) is
To calculate the A n order contribution to −e ψ (x)[γ ρ , γ 5 σ µν ]ψ(x) A ρ (x), one needs to calculate the A n−1 order contribution to ψ (x)[γ ρ , γ 5 σ µν ]ψ(x) . The latter is given by an n-gon diagram(see fig.2 ) and the corresponding analytical expression is
After multiplying by eA ρ (x) → eA ρn (x) = e
ρn (q n ), we get the A n order con-
Because the operatorψ(x)[γ ρ , γ 5 σ µν ]ψ(x) is odd under charge conjugation, (19)(and also (20)) is non-vanishing only for even n. The dimensionally regularized form of (20) is
Now we have
In the second term of the last line, we rename the integration(summation) variables(indices):
, · · · (q n−1 , ρ n−1 ) → (q n , ρ n ) and obtain(this renaming does not alter its contribution to the integral over
After making the shift:
So (22) becomes
Comparing (14), (18) and (25), we find that the curl equation of the axial vector current is satisfied (at the level of vacuum expectation values) and that there is no transverse anomaly for the axial vector current. This is in apparent contradiction with the calculation in [10] using the point-splitting method. However, a careful inspection shows that the anomaly term obtained in [10] is in fact equal to zero(see appendix) and therefore the two methods
give the same result. Now let us turn to the case of the vector current. The vector current curl equation, including possible anomaly term, is
Now, let us calculate the vacuum expectation values appearing in Eq.(26). First let us see the LHS of Eq.(26). The A n order contribution to ψ (x)γ ν ψ(x) is given by an (n + 1)-gon diagram(see fig.1 ) and the corresponding analytical expression is
So, the A n order contribution to
Because the vector currentψ(x)γ µ ψ(x) is odd under charge conjugation, (28) is nonvanishing only for odd n. The dimensionally regularized form of (28) is
Using the identity i(q
Now let us see the RHS of Eq.(26). The A n order contribution to 2m ψ (x)σ µν ψ(x) is given by an (n + 1)-gon diagram(see fig.1 ) and the corresponding analytical expression is
Because the tensor currentψ(x)σ µν ψ(x) is odd under charge conjugation, (31) is nonvanishing only for odd n. The dimensionally regularized form of the loop integral in (31) is
The A n order contribution to − ψ (x)
is also given by an (n + 1)-gon diagram(see fig.1 ) and the corresponding analytical expression is
is non-vanishing only for odd n. The dimensionally regularized form of (33) is
, we can put the above expression into the following form 1 2 
